Frequency conversion of vectorially structured light, without altering the spin-orbit coupling (SOC) state of the signal light, is crucial for frontier optical research based on structured light, however, realizing such conversion remains a challenge. In this proof-of-principle work, we demonstrated polarization independent parametric upconversion using a polarization Sagnac nonlinear interferometer based on type-II second-harmonic generation (SHG). Our results demonstrate that the vector (including both polarization and intensity) profile and associated SOC state of the signal vector beam could be transferred to the SHG output with a high fidelity. This work lays a foundation for vector full-field quantum frequency conversion and also paves the way for upconversion detection for polarization-resolved imaging and microscopy.
Introduction. -A light field's state of polarization (SoP) deterministically describes its spin nature, and the field is broadly referred to as vector light (or vectorially structured light) when the SoP is spatially non-uniform [1] [2] [3] . The feature of carrying a spatially-variant SoP indicates that there is subwavelength inhomogeneity within the photons, which originates from photonic spin-orbit coupling (SOC); hence the spatially-variant SoP can be described as SOC state [4] [5] [6] . Historically, vector light has been discovered soon after the invention of the laser [7, 8] ; however, it was not until much later ago that researchers revealed its unique focusing properties and the SOC nature [9, 10] . Thereafter, it has been widely studied and resulted in a number of innovations throughout the main fields of modern optics, such as imaging, optical trapping, communication and fundamental physics [11] [12] [13] [14] [15] [16] [17] [18] [19] . In this new subfield of modern optics, the ability for on-demand shaping of vector light is crucial for both fundamental and application aspects. For the task, a straightforward approach is manipulation of the Geometric phase via planar optical elements with artificial microstructure [5, 6] . Additionally, another promising approach is using nonlinear optical interactions with vector light; here, one can simultaneously manipulate the multiple degrees of freedom (DoFs) of light, including the frequency, amplitude and angular momenta. In particular, the SOC-mediated nonlinear polarization afforded by vector nonlinear optics, as an additional auxiliary interface, can significantly enhance our ability to shape and control nonlinear interactions. For this, recently, this topic has raised considerable interest in the community of nonlinear optics, ranging from secondharmonic generation (SHG) and stimulated Brillouin/Raman scattering to high-order harmonic generation [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] .
Among the various nonlinear applications, optical parametric conversion based on second-order interactions, as a frequency converter, is the most basic but also the most important one presently used in laser and photonic systems. * zhuzhihan@hrbust.edu.cn Such a basic function, however, is not easy to accomplish when it meets a vector light. Because it is difficult for currently available nonlinear crystals to convert orthogonallypolarized components of the light simultaneously. A feasible solution would be the use of nonlinear interferometers with SU(2) symmetry [31] , for which the two-crystal and Sagnac schemes (both are phase-locking structure) are two reliable configurations that have already become standard methods for the generation of polarization entanglement [32] [33] [34] . Several groups have recently demonstrated the SHG of vector light via a two-crystal scheme consisting of orthogonal thin type-I crystals [35, 36] . It should be noted that while long periodically poled crystals are high efficiency, they are not easy to devise in the two-crystal scheme because they introduce a Rayleigh-distance shift between the orthogonal polarization components of the SHG. In view of this, we have also demonstrated, both theoretically and experimentally, the SHG of vector light based on the Sagnac scheme with a thin type-I crystal, as well as a long type-0 crystal [37, 38] .
Notably, despite these works realized the SHG of vector light, compared with the input signal, the SOC state of the output SHG was also transformed. The transformation rule of the SOC state depends on the SoP reference frame of both the input signal and the converting apparatus [37] . However, for vector light (or photons) carrying classical (or quantum) information, the fundamental requirement for upconversion is that the apparatus does not disturb the other DoFs of the signals, especially for the SOC states. To address this issue, a SoP-independent frequency converter that can work for light with arbitrary SoPs (including vector cases) is necessary. In this work, we report SoP-independent upconversion of vector light using a polarization Sagnac nonlinear interferometer based on type-II SHG. Special attention is given to the fidelity of the converting apparatus, specifically, analyzing and comparing the SOC states of the input signals and the corresponding output SHG. LG r z   , the spatial amplitude is invariant upon paraxial propagation, given by
where () k  is the angular frequency, and SOĈ e denotes the SOC state describing spatially-variant SoPs. The results mean that: first, the vector profiles obeying Eq. (2) are cylindrically symmetric and propagation invariant, and therefore, the corresponding vector light are known as cylindrical vector (CV) modes [41] ; second, for CV modes, the SoP profile, governed by SOĈ e , is independent of the amplitude envelop ( , , ) p u r z  . In addition, for a given ˆ e and the associated LG pair, all possible SOC states form a hybrid SU(2) space that can also be visualized as positions on a unit sphere, i.e.,, the so-called higher-order Poincaré sphere (HOPS) introduced by G. Milione et al. [42] .
The straightforward description for SoP-independent upconversion is: to convert the frequency of arbitrary vector light without changing its vector profile and position on the HOPS. To realize this, we employed a SU(2) nonlinear interferometer based on the polarization Sagnac scheme with a type-II long crystal. Figure 1 shows a schematic of the apparatus, where the vector light is input from port-1 as the signal, the pump input from port-2, and the frequency converted signal (or SHG) is output from port-3. The input signal was first split using a dual-wavelength polarizing beam splitter ) is employed as required as the pump. It should be noted that the Gaussian pump only works for the signal without a radial index (i.e., 0 p = ), because the coupled spatial amplitude, 00 0 ( , , ) ( , , ) u r z u r z   , is still a LG mode but this does not hole for 0 p  [43, 44] . In the Sagnac loop, the presence of a dualwavelength half wave plate (d-HWP) leads to a SoP swapping between ˆH e and ˆV e for any beams passing it, including pump, signal and SHG. In consequence, two type-II SHG processes [21] , i.e., 2ˆ( , , )
e e e , occur for clockwise and anticlockwise trips of the signal beam, respectively. Then, the two generated scalar SHG with ˆH e and ˆV e , respectively, overlap on the d-PBS again and output from a dichroic mirror (DM). Because of the phase-locking structure of the apparatus (because the fact of all beams propagating along the same loop), the intramodal phase i e  is maintained for the whole transformation. As a result, the SHG light appearing from port-3 is 2 Figure 2 shows a schematic of the experimental setup, where a continuous laser at 800 nm (Toptica TA pro) was used as the fundamental frequency light for the SHG. The laser output from a single-mode fiber collimator was first converted into a perfect TEM00 mode by passing through a spatial filter. Then, it was split using an HWP in combination with a polarizing beam splitter (PBS), where the transmitted and reflected parts were used for preparation of the signal and pump, respectively. For preparation of the signal, the reflected TEM00 mode was first incident on a spatial light modulator (SLM-1, Holoeye PLUTO-2-NIR-080), where a phase hologram based on complex amplitude modulation was employed to extract the target LG mode. The extracted LG mode was then injected into a (two-arm) polarization Sagnac interferometer containing a Dove prism in one of the paths to transform it into the desired CV mode, and this served as the signal to be up converted. For preparation of the pump, the transmitted TEM00 mode was sent to the SLM-2 and converted into a flattop or Gaussian beam with a variable size that depended on the requirements, and this served as the pump. For further details on the shaping light technique used see Ref. 45 and the MATLAB code in the reference. The prepared signal (~1 mW) and pump (~50 mW) were relayed into the port-1 and port-2 of the apparatus shown in Fig. 1 , respectively, then, they were focused into a 10-mm-long type-II PPKTP using a 100 mm focal-length lens. For further details on the two SHG occurring in the crystal, see Ref. 21 . At port-3, a dichroic mirror (DM) was used to separate the generated SHG (400 nm) from the residual pump. Additionally, the setup for the spatial Stokes measurement shown in the bottom left inset of Fig. 2 was used 
More specifically, we choose the MUBs with 1 = , as shown in Fig. 3(a) . We note that their vector profiles are rotationally invariant, and they are therefore an important resource for alignment-free quantum communication [47] . Figures 3(b) and (c) show the vector profiles of the signal MUBs prepared experimentally and their corresponding upconversion, respectively. We see that the vector profiles of the two groups are in excellent agreement with each other, and with the theoretically expected results shown in Fig. 3(a) . Based on the observed vector profiles of the signals and associated SHG output, their SOC states (or density matrices) can be accurately obtained according to the method in Ref. 46 . Then, we can use the obtained states to plot their position on the HOPS, as red and blue points shown in Fig. 3(d Next, we demonstrate SoP-independent upconversion for CV modes based on arbitrary SoP with vector profiles are no longer rotationally invariant. For this, we consider SOC states on two specific HOPSs, given by: 
where four states were chosen for each sphere, as shown by the gray points plotted on the HOPSs in Figs. 4(a) and (c). The experimental results, i.e., the positions of the experimentally prepared signals and the associated SHG output obtained via spatial Stokes measurement, are shown by the red and blue points, respectively, in Figs. 4(a) and (c). For both spheres, we see that each group of three points with different colors are in high proximity, indicating high accuracy for the signal preparation as well as the high fidelity of the upconversion. For a more intuitive display of the results, Figs. 4(b) and (d) show the vector profiles of the SOC states on the two spheres, including the theoretical expectations, observed signals, and corresponding SHG output. We see that all the observations for the signal and SHG are once again in excellent agreement with each other, as well as with the theoretically expected results. Additionally, a calculated SOC state fidelity based on the results is provided in Appendix B.
In above experiments, the SoP independence of the upconversion was true for CV modes without the radial index, and all the SHG output were pumped by a Gaussian beam. From Eq. (2), it can be seen that to maintain the vector profile (or SOC structure) of a CV mode with 0 p = , using an easyto-obtain Gaussian beam as the pump is sufficient. This is because the amplitude envelops of the nonlinear polarizations (NP) excited by a beating field 00 0 ( , , ) ( , , ) u r z u r z   in the crystal still has an LG distribution. This particular result, however, is no longer true for the general case 0 p  . To demonstrate this, we consider a "radial polarized" signal with 2 p = , given by Figures 5(a) and (b) show the upconversion of this signal pumped using a Gaussian beam. We see that, while its azimuthal-variant SoP is maintained in the upconversion, the radial intensity profile was destroyed and is no longer propagation invariant. Additionally, our simulations have excellent agreement with the experimental observation; for this, in Ref. 44 we provide a general theory for the transformation of the radial mode of the LG beam in upconversion. To overcome this distortion, using a flattop beam as the pump is necessary, which can be easily obtained with high efficiency (~90% efficiency using a Holoeye PLUTO-2-NIR-080) via a phase-only light shaping technique [45] . Figures 5(c) and (d) show the upconversion pumped by a flattop beam, where we see that the radial amplitude of the SHG output agrees well with that of the signal for both near and far fields.  . Finally, the common-path loop can stably transfer the intramodal phase i e  to the finial SHG output. However, as demonstrated above, except for the CV modes with 0 p = , for general vector light such as CV modes with 0 p  or the well-known full Poincaré modes [48] , a flattop pump that can realize a spatial-mode-independent upconversion is necessary. Based on this principle, a recent work demonstrated azimuthal-index independent sumfrequency generation for the upconversion of high-dimension quantum states [49] . Additionally, for exploring the full quantum resource of the spatial-mode DoF, the radial indices of LG modes have recently gained a considerable research interest [50] [51] [52] [53] . Within this perspective, the principle we demonstrated here provides a feasible way to realize a vector full-field quantum frequency converter.
In summary, in this proof-of-principle work, we demonstrated SoP-independent upconversion for vector light. The apparatus was based on a polarization Sagnac nonlinear interferometer with a type-II PPKTP crystal, where a flattop beam (or Gaussian beam in particular cases) with a variable beam size was employed as the pump. Our results show that the vector profile and the associated SOC state of the signal light can be safely transferred into the SHG output with a high fidelity. The principle demonstrated here lays the foundation for SoP-independent high-dimension quantum frequency conversion, and also pave the way for realization of upconversion detection for SoP-resolved polarization imaging and microscopy [50] [51] [52] [53] .
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